The value of maps of the interval in modelling population dynamics has recently been called into question because temporal variations from such maps have blue or white power spectra, whereas many observations of real populations show time-series with red spectra. One way to deal with this discrepancy is to introduce chaotic or stochastic £uctuations in the parameters of the map. This leads to on^o¡ intermittency and can markedly redden the spectrum produced by a model that does not by itself have a red spectrum. The parameter £uctuations need not themselves have a red spectrum in order to achieve this e¡ect. Because the power spectrum is not invariant under a change of variable, another way to redden the spectrum is by a suitable transformation of the variables used. The question this poses is whether spectra are the best means of characterizing a £uctuating variable.
INTRODUCTION
One of the ¢rst applications of maps of the interval to the natural sciences was in the study of the time variations of populations of groups of organisms. Such maps are often chaotic and it then becomes di¤cult to make detailed comparisons between theory and experiment (Diamond & May 1977; Pimm & Redfearn 1988) . One way of characterizing the data for this purpose is to compute the power spectrum from the time-series of population £uctuations. Such spectra have been observed in real populations to be distinctly red, with more power in their low frequency variations than in the high frequencies (Sugihara 1995; Steele 1985) . By contrast, spectra formed from theoretical time-series derived from models of populations of single species with non-overlapping generations have been reported to be blue, or sometimes white, but certainly not red (Cohen 1995) . This discrepancy, referring as it does to a much-used statistical descriptor of time-series, may call for some further understanding and modi¢cation of the models if they are to account for the observed tendencies of population dynamics (Sugihara 1995; Blarer & Doebeli 1996; White et al. 1996a,b; Kaitala & Ranta 1996; Kaitala et al. 1997; Miramontes & Rohani 1998) . The issues raised could have implications for other disciplines that use simple chaotic models.
MECHANISMS OF SPECTRAL REDDENING
In this work, we discuss how parameter £uctuations with blue or white spectra can induce reddening of the spectra from chaotic models that would not by themselves lead to red spectra. But before turning to such e¡ects, we observe that red spectra may result purely from slow evolution of the mean properties of the population: a slow increase of the running average of the population can cause reddening of the power spectrum of a time-series. A good example is provided by data on variations in locust populations taken over a span of 1000 years (Ma 1958) . The data are seen to show a slow drift in mean population over the observation period in which the spectra are computed (Sugihara 1995) , with consequent reddening. Secular drifts of this kind may represent real e¡ects and have been discussed, for instance, in climatology (Allen & Smith 1994) . However, we are concerned with situations in which mean drifts have been suppressed, as is routinely done for data sets in economics, for example (Brockwell & Davis 1987) .
It has also been reported (Blarer & Doebeli 1996; White et al. 1996b) that not all unimodal maps have the properties suggested by the results of Cohen (1995) . Even a map that produces a blue spectrum may, under an analytic change of variables, be turned into a map that can generate a red spectrum. To illustrate how simple transformations can generate maps with red spectra from maps with blue ones we consider the logistic map,
which is a reparameterized version of the Verhulst model (May & Oster 1976) used by Cohen (1995) . Here n is the (discrete) time variable, x(n) is the population at time n and R is the control parameter characterizing the environment.
Figures 1^3 respectively, show the map, a time sequence it produces and the average power spectrum for R 4. Also shown are the corresponding pictures for the transformed variables y(n) 1 À e À4x(n) and z(n) e 4x(n) . Though the spectrum of £uctuations from the logistic map with R 4 is white, transformation to the variable y changes it to red, while transformation to z produces a blue spectrum. This lack of invariance of the spectral form under analytic change of variables should cause concern that the power spectrum of a time-series is not a robust diagnostic tool unless a suitable choice of variables may somehow be distinguished.
Other mechanisms reported to produce reddened spectra are time delays (Kaitala & Ranta 1996) , the interaction of several maps (White et al. 1996a) , and stochastic £uctuations in parameters of the map (Sugihara 1995; Kaitala et al. 1997; Miramontes & Rohani 1998) . In the next section we show that reddening may result also when the environmental variations (£uctuations in map parameters) are described by low-order deterministic systems, as is foreshadowed by the work of Steele & Henderson (1992) on the spatial patchiness in plankton.
REDDENING BY ON±OFF INTERMITTENCY
To describe how to redden the spectra from a model by £uctuations in its parameter(s), we suppose that we have already adopted a map, of the form
where the control parameter R, re£ecting (for example) prevailing environmental conditions, varies with time, n. We restrict attention to the plausible case in which the variations of R are independent of the population under consideration, and write:
When g is either a deterministic chaotic map or a stochastic process, for wide ranges of parameters, these equations produce what we call`on^o¡ intermittency' in x(n), in which periods of very low activity are punctuated by bursts of intense and often unpredictable behaviour (Platt et al. 1993a; von Hardenberg et al. 1997) . The process of on^o¡ intermittency has been proposed as a general mechanism for bursting in physical systems (Platt et al. 1993b; Ding & Yang 1997; Duane 1997; Landa et al. 1998) . Some of the quantitative characteristics of on^o¡ intermittent time-series have been discussed, for example, by Ding & Yang (1997) 
and von Hardenberg et al. (1997).
For the system (3)^(4), the on^o¡ character of x(n) arises because for ¢xed R less than some critical value, R 0 , the ¢xed point x 0 of equation (2) is stable and the system is`o¡ '. But when R b R 0 , that ¢xed point is unstable, we observe non-zero values of x and the system is`on'. Now, provided the dynamics of equation (3) are suitably chosen, R varies irregularly over values spanning the threshold. But during certain intervals it is, on average, below R 0 , and over other periods its mean value will be above that threshold. Thus the overall e¡ect will be to switch x(n) on and o¡. This is the essence of on^o¡ intermittency and the concept may readily be extended to more complicated systems and to higher dimensions.
One of the important features of on^o¡ intermittency is that it generates signals with arbitrarily long timescales of variability. Hence the time-series of the population, x(n), has a red spectrum. Moreover, this red spectrum results independently of the details of the parameter variations, R(n). Thus, the enviromental £uctuations need not themselves have red spectra, as noted for stochastic parameter variations by Kaitala et al. (1997) .
We again illustrate our point with the logistic map. For the parameter variation we take
with R(n) given by equation (3). If the variation of R, given in terms of g, is chosen to be white noise equidistributed on the interval 0Y 1 with a 3X5 and b 0, we obtain the results in ¢gure 4. The ¢gure shows: (a) the power spectrum of R(n); (b) the power spectrum of x(n);
and (c) the length of the record. (See, for example, Halley (1996) for a discussion on the role of 1/f processes in ecology and evolution). Reddened spectra are also obtained when g is deterministically prescribed. Figure 5 , with panels as in ¢gure 4, shows the results for a case where the driver (2) is also given by a logistic equation, namely
with a 3X98 and b À0X37 in equation (4). The reddening in this case is distinct, though less so than in the stochastic case; this feature varies with the parameters in equation (5). Note that, unlike the reddened spectra obtained by choosing special parameters in the model (e.g. White et al. 1996b; Blarer & Doebeli 1996) , the spectra of this study show an increasing power at very low frequencies. Conversely, spectra in White et al. (1996b) and Blarer & Doebeli (1996) display a dominant broad peak at low frequencies, below which the spectral power decreases.
CONCLUSIONS
We have mentioned several mechanisms that may produce red spectra in the output of simple models for population dynamics. The most signi¢cant for the real situation would seem to be £uctuations in the environment, which, as indicated by Sugihara, may cause reddening of the power spectrum of population £uctuations. This e¡ect can be achieved even when the spectrum of R(n), the £uctuating parameter representing environmental variability, is white or blue. Results of this kind have discussed by Kaitala et al. (1997) for stochastic parameter £uctuations. Here, we have shown that both stochastic and deterministic parameter £uctuations can induce spectral reddening when the system is intermittent. In particular, the on^o¡ mechanism, that we have brie£y described is robust under slight changes of the control parameter or the addition of weak noise. This mechanism works even when there is a feedback of the population on the environmental variations, with R depending on x; on^o¡ intermittency can still occur (Spiegel 1981) with consequent spectral reddening. We thus have a simple mechanism that reliably produces bursty time-series with red spectra such as are widely observed in many intermittent processes and is likely to play a role in many applications of chaotic maps such as models of population dynamics.
